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1. Tonks-Girardeau gas in 1D optical lattices:

2. Extensions:
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1. Tonks-Girardeau gas in OL

B. Paredes, A. Widera, V. Murg, O. Mandel, 5. Félling,
J.I. Cirac, 6. V. Shlyapnikov, T. W. Hinsch & I. Bloch

M. Girardeau, J. Math. Phys. 1, 516 (1960).
Relationship between Systems of Impenetrable Bosons and Fermions in One Dimension.

Other works in the field of Atomic Physics:

Experiments in the gas phase: NIST and Ziirich

Theory in the gas phase: Olshanii et al., Cazalilla, Giorgini et al, Drummond et al, Shlyapnikov et al...
Theory in an optical lattice: Zwerger et al, ...



Fermionization: review

Npanlipies, L dites Characteristic energies:

4 g { : tunnel

. []: On-site interaction

1 2 n L

Bose-Hubbard model: HBZ—IZ( a4, Ta n+1)+UZ( )

bnsonlc
operators

o We will consider:

- Strong interacting regime: (0 U
- Low temperature: £.70 U
- Dilute: v =4V,

Dilute: v = A-—::l

m=) At most one atom per site:

Hard-core bosons.



Fermionization

Hard-core Bosons Fermions
Allowed states: Allowed states:
L0 LG 1.0 - LLO 11011
11,0,1,1,1,0,1,1} : 110,110,113
etc etc
ol et Antisymm.
occupation subspace

Symmetric subspace

Woe can establish a one-to-one correspondence

.. but we must be carefull, since states (H) have different symmetries



JORDAN-WIGNER TRANSFORMATION

Hard-core Bosons Fermions
STATES ' STATES
11,1,0,1,1,0,1,1 11,1,0,1,1,0,1,1
OPERATORS - OPERATORS
(OBSERVABLES) (OBSERVABLES)
cle.,
an (_ ljm-:n C”

It ensures that (W | Oy | W) = (¥, |Ox|¥Ys)
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STATE IN THERMAL EQUILIBRIUM

| 2
CI” (_ljmﬁn Cn
D _— T . (;TC
ensity: ad,d, ntn
: T L |
Tunnel: a,.14, Cn+1(_ 1)'5 i Ch = ConCy
i ian: _ T T _ _ T T
Hamiltonian: Hg = —fz (amlan +ana”+1) Hy = —IZ(cmlcn +c, (?ml)
H 7 n
t 2
+U2(an) a
H
Density operator: o5 0 e - prle

Strong interacting bosons Free fermions
at temperature T at temperature T
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TONKS-GIRARDEAU GAS



OBSERVABLES

{Ap)=tr(Azp5)

(Apy =tr(App5)

MWW < MWW

A) The obsevable has the same expression:

|

Density: a,d,

: T
Tunnel: a..a

Hamiltonian: H,= —Iz (aLlﬁ%q +ﬂ;ﬂn+1)
H
Examples:

Density and density fluctuations
Kinetic energy

Total energy and energy fluctuations
Spectrum

Density of states

Entropy

Etc.

|

Cn+lcn

_ T T
HF‘ - _Iz (£n+1£n + ﬂn lf::r'1+1 )
bl

For strong int. Bosons are temperature T
are the same as
for free Fermions at temperature T.



OBSERVABLES

{Ap) = tr(Az05) (Apy=t(App5)

MWW < MWW

B) The obsevable has a different expression:
; ch; ;

Correlation: a4 d, - AR

Momentum: AlA, - « .20

These properties are different for hard core bosons and free fermions.

® For an infinite, homogeneous lattice at T=0:

T T
(A4 %J;F (Gl (Fermi-Dirac)

(Liittinger liquid)

ke k kr Kk

In some aspects, they behave like free fermions.
In other aspects, they are totally different.



Quasi-momentum distribution:

(Al4,)=DFT[(ala,), ]

\—.Y__J'

— 211 <C;€ﬁ>ﬁr - dEt[<C.I::Cﬁ 2o, )

E EI.TEI
T nclam
cl{—1 c
en=1) 7 Wick's

Toplitz
theorem determinant
N o a— B0 1
P = p|
4\%
& /
|- B
Numerically:
Determinant of A4
Lx I matrix (Aede) /%ﬁ}

(efficient)

K
(Shortcut: Liittinger liquid) k

&round-state wavefunction:

Wolx, X, X, )= (XX, X, | Vo = Walx,x,. . Xx,) 5 H| sin(;?r(xj - xj),f’L)|

x=1..1 Slater determinant </



Comparison with experiment
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Facts to be taken into account:

- External harmonic potential.

- Number of atoms is different in the tubes.
- Finite temperatures.

Other issues:

- Is the momentum distribution affected during expansion?



External harmonic potential:

®Extra condition for the JW mapping.

K

o/~ ime’R'0 U

‘“
Hamiltonian:
- b T Bt
o —IZ(amlan +anan+1)+bz:v? aa . - _;Z( ¢l ¢ +c n+1)+52”
Density operator: pp L e’ o0 e

WY\ VY W\ gV YV

TONKS-GIRARDEAU GAS

In the gas phase: Olshanii et al., Cazalilla, Giorgini et al, brummond et al, Shlyapnikov et al...



Some properties coincide with those of free fermions:

TH Ny
Density: n(x)Dlarccns{max{” ;’x ,—ID == size of the cloud R == condition
i Lme’R*0 U
Energy, excitation frequencies, entropy, etc.

Other properties are different:

Quasi-momentum distribution:

(Al4,>=DFT[(a)a,),, ] W

f
A

Z I
<Cr-!-1 (_ ljn-:.-:-:m Cy >p . Z H <C'Iﬁ Cﬁ >.-GF - dEt[<C;Cﬁ >.-C"F ]
T Wick's Tobl
theorem op |:|'z
determinant

This can be efficiently
evaluated



Number distribution in the 1D tubes:

At some point the tubes get isolated and the number of atoms remains fixed.

2D Harmenic trap
1

E=Y E”(N)+NY,-uN,
tubes 1§ 1 |
1D Thomas-Fermi Lagrange multiplier

OF ¥ 5}
—— = BENI=
83\?; NIIE

My
Normalization I P(N)N =1
1]

The distribution is completely fixed by N,

1

Fitting parameter



Finite temperature:

t/T = const.

-Eigenfunctions remain invariant.

- Energies are proportional to t:

- T T
HF T —fZ (Cn+lcn + G Curt )
n

VWV Y

-The process is adiabatic.
- The entropy remains constant.
- The entropy is that of free fermions

We fit the initial temperature 7



Expansion:
Ideal case: . R .

F(x,0)= Zn:cn W(x—an) \&"f \A/II a\\ A | ljllll

\
\

~

Fixdl= zcn W{x—amn,t)

P(x = pﬁ%n B e B ()

2

nw=phy DRI ‘che‘*ﬂ”
envelope .-':.q-‘l.omenfum
distribution

Effects of interactions:

- The envelope is practically unaffected.
- The phase of the coefficients may be affected.

Taking Gaussian Wannier function, this can esscee

be easily estimated.

Change of the phase of a coefficient due to the
interactions with the rest of the atoms <0.02



Momentum distribution:

IJ-W Transformation

T Z‘ wa 'E?Lcm . -pH-
<CE (_1) . ‘3}'> with Prp € E_B -
pF .-': i

AN P A "I'
IW. Theorem VoS W \/ '-.__U_f \/ VY
|£—2"|x|£—£'| Toplitz determinant free Fermions
in ferms of
o)
C, Cp
( kT Hr

We have to average with respect to the tubes:

- Number of atoms.
- Temperature.

(p)= fP(M)ﬁM,rM (p)dMd
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Fitting parameters: N, 1}
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2. Extensions

B. Paredes and . Shlyapnikov




2.1. Two-component Bosons

(B. Paredes and J.I. Cirac, 2003)

V U U Ny b

e We will consider:

- Strong interacting regime: £,|V 1 U
- Low temperature: £A.70 U

o _N/
- Dilute: v, = e il

L] : L] L] -]
V I/ —>om U — w0

may behave, in some aspects, as interacting spin 7 Fermions



JORDAN-WIGNER TRANSFORMATION

Hard-core Bosons Fermions
OPERATORS _ | OPERATORS
(OBSERVABLES) (OBSERVABLES)
ZE?L Foms
aﬂ,ﬂ' (_ 1)?’”” Cn,g
Hamiltonian:
Hy=—t) (al+1,|:ran,|:r g < - AP )+2 E, 4,4, = _IZ ( el By By J)+Z “neCno
V2 0800, FE2 ﬂn,Tﬂn,Tc:I,Jfﬂn,i»
Sene! . —AH; . . [] a=F¥s
ensity operator: pglle Lr
Strong interacting bosons Interacting fermions
at temperature T at temperature T

’V\J\NV\/VV\/’VV\NVVV\'

pple” prOe™



® Strong interacting bosons behave as interacting fermions in several
aspects,

For example:

- Density-density correlations: (n 7.} f

_ T
i, = ax,'T‘ax,'T‘ T ax,«lfax;lf
where X

o . _
- Spin-spin correlations: (S, S, =a.qa,,-a,.d

For V<0 these functions reflect the appearance of .Cooper” pairs.

® In other aspects, the behavior will be different.



Let us consider 7 <~ ()

® Correlation functions: Cooper-pair formation

* Depending on the ratio #/ |V | , we have localized/delocalized pairs.

V>t V<t

Quualitative behavior: BCS wavefunction

@ANS2
f: f)}

RI=J) V>t

¥ ,)0 4411 {zqou;w)



Numerical results

V/ioD=-001 V/U=-0.05 V/U=-0.30 V/iU=-0.60 ViU =-0.90




2.2. Higher filling factors:

TN a0 ."ﬂ"-.. ! \ g 2l
-.!" "‘, \@ -._IHI.I _& W W 7 0 R

- Strong interacting regime: 0 U
- Low temperature: k70 U
- Not-dilute: 1me’R* >U

We have different layers of Tonks-Girardeau gases:




Description.

Fermionization:

Zone 1:

Zone 11:

11T

Hard-core Bosons Fermions
1011013 LLOTLOLD

_IZ( 1 dy +a ay n+1) _IZ( Cni1n +C:lcn+1)
n n

(2212213 B | 15150,1,1.0,1;13

i T
_IZ('{I?LIQH +az:£an+1 ) _\/EIZ(C”HC” g CnCnsl )
" 7

The zones are determined variationally.



2.3. Higher dimensions

- Strong interacting regime: (0 U
- Low temperature: .70 U

- Dilute: v:%{:l

Still, the physics is similar but the fermionization procedure does not work.
- Cooper pairing.

- Analogon of high-Te superconductivity.
ol .5

In 2D, in the weak interacting limit: M. Kagan et al.



3. Loadmg opﬂcal |a’rT|ces

[P. Rabl, A c, and P. Zoller, 2003]

A AAAAAAAY

® -g=—

® <<= (e
® <= (9
® = {0
® <= (@
® <= (@
® <= (O &
® <= (9



Problem: Trapping single atoms:

© 6%%°%,% %% * S
lAd iabatic

VVVVVVVV

In reality:

AV

- Atoms/sites not commensurable,
- Temperature is finite.
- Residual potential.

Solutions:

1. Lower the temperatures
or count the atoms: Hard!

2. Coherently filter the state:



Pattern loading

[P. Rabl, A.J. Daley, P.O. Fedichev, J.I. Cirac, and P. Zoller, 2003]

* Tunneling is switched off (raising the lattice potential). We can treat sites individually.

e Consider a particular site and two internal states:

1 particle 3 particles
1,0 3,0

Ideas:
v - Interaction energy blocks transfer
ﬂ [[ of more particles.
10,1 12,1) - Resonace frequency depends on the
nhumber of atoms, which is unknown.,
N :
Y - Use adiabatic passage to overcome
l this problem.
1,2)
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Results: atom-number distribution

Tnitially Finally
K E A5 HAG

Conditions:
e U =U, since otherwise crossings
take place at the wrong place.

This can be achieved by having
different potentials for a and b.

A

U =0

a B

e Adiabaticity:

* Using a Grand-canonical distribution
for the initial state with

-Temperature such that there is
1 defect every 10 sites.

- 2 atoms per well (in average).

one obtains 1 defect every 10.000 sites.



Also: quantum state engineering...

® o= ? ==

0 == &y o=

® o= ® ——

0 == ¢ o= 8
) ® ==

0 a== Co === o

® — e == (00

D 9= Lo o= {8

With Fermions: Cooper pairs

NP N/
el W\T’ \
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COLD ATOMS IN OPTICAL LATTICES

/ Fermions

Hubbard model in 2D.

E. Demler, and M. Lukin

{\.

Anderson super-lattices.
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W. Hofstetter, J.I. Cirac, P. Zoller,

B. Paredes, C. Tejedor, and J.I. Cirac
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Atoms in rotating traps. See poster by
M. Popp, B. Paredes, and J.I. Circ. Markus PDPP |

<p dE .
\‘ ' ¥ 4
a N

J. Garcia-Ripoll, M.A. Martin-Delgado,
and JT.I. Cirac
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QUANTUM INFORMATION THEORY
AND CONDENSED MATTER

Numerical simulation methods.

F. ferstraete, D. Porras, and J.I. €irac

Diverging entanglement length.
F. Verstraete, M.Popp, M.A. Martin-Delgado,

and JI. Cirac
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